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ABSTRACT
The purpose of the paper is to invert Riesz potentials and some other
fractional integrals on the n-dimensional spherical surface in R**? in the
closed form. New descriptions of spaces of the fractional smoothness on

a sphere are obtained in terms of spherical hypersingular integrals. It is

shown that Riesz potentials of the orders n,n + 2,n + 4,... on a sphere
are Noether operators and their d-characteristic depends on the radius of
the sphere.

Introduction

Fractional integrals on the surface of the n-dimensional unit sphere £, c R*!
may be defined in a large number of ways (see, e.g., [15]). We consider a Riesz

potential

(1) (I%)(2) = cna / Iz — y1""(y)dy,

n

wherea > 0; a #n,n+2,n+4,..;
—o—a_=-n/2 n—2 2
(2) Cna = 27T r<—2 >/r(2).
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Due to the outward simplicity and to the plurality of applications the Riesz
potential is a typical object in fractional calculus. Nevertheless, the inversion
method for I?, covering all admissible o seems unknown. There is a simple
idea to change variables in (1), using the stereographic projection, and to turn
the potential (1) in such a way into the Riesz potential over R" (up to some
multipliers). The latter may be inverted by diverse known methods (see [14],
[13]). This approach, suggested by the author, enables us to obtain a number of
estimates of I*yp using the corresponding estimates of the space potentials (see
[10], [19]). Nevertheless, this way leads to the unnatural awkward construction
of (I*)~! which depends on the pole of the projection. Furthermore, the proof of
such an inversion formula is connected with large technical difficulties. It is more
preferable to construct the operator (I*)~! directly in spherical terms. In [10]
Pavlov P.M. and Samko S.G. proved that if f = I%p, ¢ € Lp(Z,), 0 < a < 2,
1< p < o0, then

fz) - fly) 4

s, lz—y|rte

Cl=r(n;a)/r(n—2-a)’

_ 2°7tal (24e)
“T AT (-g)

(Ly)
/ (..)= lim (...).
Z,

|z—y|>e

(3) e(z) =1 f(z) + ¢

)

where

The method of [10] gives no answer how to invert I* for all & > 2. In the
present paper we suggest two different inversion methods for Riesz potentials
of finite Borel measures in spherical terms. These methods are suitable for all
a > 0 ( the definition of I%¢ for @ = n,n + 2,n + 4,..., see below) and may
be generalized for all complex a with Rea > 0 as in [13]. Our formulas contain
hypersingular integrals, the convergence of which is associated with a type of
the measure to be restored. For arbitrary finite Borel measure these integrals
converge in a weak sense. If the measure is absolutely continnous with a density
belonging to L,(Z,), 1 < p < 00, then the convergence of hypersingular integrals
is treated in the “almost everywhere” sense and in Ly-norm. If the density is

continuous, then a uniform convergence is used.
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In section 1, we construct the operator (I*)~! using a direct regularization of
the potential I*p. This method was suggested by A.Marchaud in [8] for one-
dimensional fractional integrals and was developed in [13] for multidimensional
potentials. The case @ = n, when I%p turns into the logarithmic potential, is
considered in section 2. Another inversion method for I%p, based on properties
of a Poisson integral, is given in section 3.

The inversion problem for potentials (1) is closely connected with the charac-
terization of functions of a fractional smoothness on a sphere. In section 4 we
give a number of diverse descriptions of the spaces L5 (Z,), C*(Zn), M*(Z,)
generated by L,-functions, by continuous functions and by finite Borel measures
respectively. By the way we obtain inversion formulas for some fractional integral
operators introduced by du Plessis N.[11], Greenwald H.C. [6, 7], Muckenhoupt
B. and Stein E.M.[9]. All these operators have the same range as I* (with the
exception of some values of a) and are built by means of a Poisson integral.

The investigation of Riesz potentials of the orders « = n + 2k, £ = 0,1,...,
leads to the following integral equation on a sphere £,(a) = {z € R"*1 : |z| = a}:

@ /E , PWle =™ 0glz — iy = £(2).

In section 5 we show that in contrast to the case a # n 42k the operator in the
left-hand side of (4) may be the Noether one with a nontrivial d-characteristic.
We construct its two-sided regularizer and the d-characteristic explicity. It is
interesting that the d-characteristic depends on the value of a radius a.

The author is deeply grateful to Professor E. Shamir for his support and en-
couragement during the work on this paper and to Simcha Kojman for typing
this manuscript.

Notation:

o = {z € R™* : 2] = 1}, 0, = |Za] = 2¢("+)/2/D (n_;—_l) ;

dz denotes the Lebesgue measure on £,; Y(E,) = {Ym u(z)} denotes a com-
plete orthonormal system of spherical harmonics on E,; m = 0,1,...; u =
1,2,...,dn(m), dn(m) being a dimension of the subspace of harmonics of the
order m, do(m) = (n+2m —1) :.',"":'_'_'12 ! (see [18]). B(E,) is the Borel o-algebra

of ,. M(X,) denotes a Banach space of all regular complex valued finite Borel
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measures on B(X,) with the norm [[v||p equaled to a total variation of the mea-
sure v on I, ([3]); C(E,) denotes the space of all continuous functions on I,;
S(X,) denotes the space of all infinitely differentiable functions on X, with the
standard Shwartz topology; S'(Z,) is a dual to S(Z,); (f,w) denotes a value of
a functional f € S'(Z,) on a function w € S(T,). If f € M(Z,) (f € Li(Zy)),
then

(o= [ o ()= [ w@sEas);
fm,u = (f,Ym,u) denote Fourier-Laplace coefficients of a functional f € S'(Z,);

ent1(0,...,0,1); @} = (sup{a,0})*; P(»9)(¢) denotes a Jacobi polynomial; Z
denotes the set of all nonnegative integers;

el = llell L,z

1-72 i )
P (z,y) = W is a Poisson kernel, 0 < r < 1;

f(z,r) = (f, Pr(x,*)) denotes a Poisson integral of a function (measure) f.

(5) (Le)(r) = 5(17) / w BE)(r — ) dt

is a Riemann-Liouville fractional integral of the order A > 0. We define a trun-

cated Marchaud derivative by the equality

(Di,e’(ﬁ)(T) (A)/ (J_o ( l)lf(T_]t)) tl+xv

where e > 0, £ > ),

lct(/\) = /:n udt

1+

(see [14]).

Let E C R be some set with a limit point ¢¢, and let {A.}.cg be a family of
linear operators defined on Y(Z,). If lim,cy AcYimu = Yo, V¥ 4 € Y(Z4),
then the famlily {A.} will be called an approximate identity as ¢ — ¢o.

Let us introduce functional spaces to be used later. Given a € R, 1 < p < o0,
we denote by Lg(Zn) (C*(En), M*(Z,)) the space of functionals f € S'(Z,) with
the following property: for each f € 5'(Z,) there exists a function f(®) € L,(Z,)
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(f® € C(Tn), a measure f(® € M(E,)) such that fi&) = (m+ 1)* fun,u for any
m, p. The space Ly (Z,) (C*(Z,), M*(E,)) is a Banach one with respect to the

norm

(6) A = 1F M A= 1oy 1A= 1 arzn)-

If @ > 0 the elements of the spaces Ly(E,), C*(Z,), M*(Z,) are ordinary
functions represented by spherical fractional integrals (see section 4). Besides
the Riesz potential with the expansion

o I'(im+ 252

m,pu

(see [15)) we use the following fractional integrals:

®) Io = 55 [ (=0 ple,0)dp ( ZF(:f"jjf )wm,uym,u),

9)
I3e = f‘(l_aj Al (108 _,1;)““90(1" p)dp ( ~ mzm(m + 1)_089m,uym,u) )

o 1 1 1 a—1 dp —a
(10) Ifp= f(_a—)./o (108 ;) w(z,p)7 (N".Z,,,m ‘PmmYm,M)’

N 7r1/2(n _ 1)(1—0)/2

1 1ya—1
. (n—3)/2 -
/0 P (108 p) I(a-—l)/2(
("' E :(m(m +n— 1))—a/299m,qu,u) ’

m,p

log ) (z,p)dp

¢(z,p) being a Poisson integral of a function (measure) ¢, I(q_1)/2(2) being a
modified Bessel function of the first kind. The expansions above may be easily

obtained by means of well known expansion of a Poisson integral

o(z, p) ~ Z P P m,uYm,u(x).

m,p
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The integral (8) was introduced in [11]. The expansions (9), (10) and (11) were
considered in [6}-[7], [9] and [1] respectively (see also [15], [2]). The mean value
of ¢ on I, is supposed to be zero in (10), (11). We denote by L,(E,.), C(E,.),
M (2,) the subspaces of Ly(X,), C(Za), M(Z,) respectively, consisting of func-
tions(measures) with a zero mean value. It will be convenient to use the following

notation:

L,(X,) ifl1<p<oo, {L"‘(En) fl<p<oo
X,(Ta) =3 7 X2(Ty) =4 *? !
»(Za) { C(T,) ifp= oo, 7 (En) C*(Z,) ifp=co.

M denotes the end of the proof.

1. The inversion of Riesz potentials by the direct regularization
method

According to (7) in order to construct the operator (I*)~! we may continue I*p
analytically to the half-plane Ra < 0 and then replace a by —a. To do this we
represent I%¢ as a one-dimensional integral with the extracted singularity in the
integrand. Let us go over to the “polar coordinates” on a sphere by means of the

formula
L a(zy)p(y)dy = Ty / a(cos 6)(sin 6" (M0, 41p)(2)d0
(1.1) - :
=ous [ a(t)MP))(1 ~ ),
where

1-1¢% (1~n)/2
L_?l___ / w(v)dy
n-1 zy=t

Z I‘E::r-‘}(»r:;//zz))) (”/2—1,./2_1)(t)¢M,me,p @)

(12)  (MPe)z)=

is a mean value of p on a planar section {y € I, : zy = t} (see, e.g., [16], p
183). By virtue of (1.1) we have

(o)) = 2 ien [ (121 p(y)ay
(1'3) 9! —(a+n)/2r( p_;ng)
T(n/2)T(a/2)

2
A 1°/3" g o(1 — n)dy,
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where
(14) go,o(7) = (L + )3 (M2p)(2).

Following to A.Marchaud’s method ([8], [13]) we represent the analytical con-
tinuation of the integral (1.3) in the form of a difference integral. After replacing
a by —a we obtain a solution of the equation I*p = f in the form

2 4
(15) so(z)=7lza) / g/ (Z(J)( 1Y gz,1(1 - m)) dn = 1°f,

where
£>af2, (@) = sea/D0/22 0 (212),
(1.6) ke(af2) = / (1- _t)ltu/2+1

4

j=0

(L7) ¢lz) = (a) / /[ ()( 12— m)"”"(M{’-,-nf)(z)} d.

The integral in (1.7) may be transformed into an integral over £,. Denote
by w, some rotation with the property * = wzen41. Given y € I,, we write
y=n0)ify=(1=-n)eats +o/n2—7), 1€0,2], o € En_y. For y = (1,0),
J € Zy., jn < 2 we denote y; = (jn,0). The point y; € T, has the same “angle”
coordinate as y, and its distance to ep41 “along the vertical” is j times larger
than the similar distance of the point y. Using this notation we can rewrite (1.7)

in the following form

oo = [ (Z( )- 1>’(——Lf?;,!f—“ﬁ)in_lf(wzw))

j=0
dy
(L= gnra )2

One can show that (1.7') coincides with (3) if 0 < a < 2, £=1.
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To give a strict proof of (1.7), (1.7') we introduce the truncated integral
(1.8) (T2 f)=)
1 2 e Lot ; .\nf2-1
= / p=e/2t [Z (J-)(——l)’(2 — i TN, £)a) | dn

ve(a) s

: 72— (1 = Yy )\ /21
- 7,(1a) o <ie (Z (f)(—n: (2_11%75'/_+_))+ f(w,y,-))

=0
dy
(1 = ypgr)(nte)/2

and an average kernel

af2

-1 e .
(19) A, qp(n) = e +a/2),.§,( Ea- > ar

This kernel arises when inverting one-dimensional fractional integrals and has
the following properties (see [14], [13]):

oo O(f]a/2_l) ifne (07 1]’
. a dn=1, A = 1
(1.10) /o Ata2(n)dn =1 t,a/2(n) {O(na/Z—l-—l) if € [1,00).

We introduce the analytical family of operators

) = mIT(n/24+7) Lin/24v-1,n/2=7-1) -
(1.11)  (M{e)( )—mzm—“———r(m+n/2+7)1’m =127 (), 4 Yo, u(2),

te[-1,1, Rey> —g,

being an approximate identity as £ — 1. If 7 = 0 the series (1.11) represents the
mean value (1.2). In the case Rey > 0 the operator M is a spherical convolution

(112) (M]v)(z) = / K (zy)du(y),

n

where v € M(Z,),

T(n/2+7) (T — )11 (1 + 7)1 —/2

(1.13) k(r) = 2n°/2[ () (1 =t)n/2tr—1

To prove the inversion formula (1.7) we need the following
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LEMMA 1.1: Let f =1%v, v € M(Z,), 0 < a < n. Then

1) @@ = [ deapm(i=-2) 052 @
(1.15) = [ Heeenany),
where

(™)
2707 /2T () 2)

R (n—a)/2-1 «/2— (nta
: / Map(n)(1-2) (7 = 1+ en)3/* 7 (en)! =+ 2y,

a.16)  kbHr) = (1+47) "2
2/4
Proof: Denote

I(n/2)

0(t) = l"(ﬁjz'—"‘-)(t )(n—a)/z I(Mf/zu)(z).

Let us prove the equality

(1.17) 92,4(7) = (15 o )(7),

I¢ being a fractional integral operator (5). It is sufficient to establish the equality
of Fourier-Laplace coefficients of both sides of (1.17). By virtue of (1.4), (1.2),
(7) we have

T(m + 232 )m!I(n/2)
(909,47 )m.n = T(m + lﬂ’-)r‘(m +n/2)" ™

P(n/2 1,n/2— 1)(T)(1+T)n/2 -1 Vi,

The same expression may be obtained for Fourier-Laplace coeflicients of the right-
hand side if we use (1.11) and the formula 7.392(4) from [5]. Since the integral
(I:/zlh,,,,l)(l) is finite for almost all z then using (1.17), the equality

ntaygl—(n—a)/2
(T2 1)) = S (D 20,11

and the remark 2.1 from [13] we can obtain (1.14). The representation (1.15)
may be derived from (1.14) by changing the order of integration. N

The integrand in (1.7) has a strong singularity at the point 5 = 0, therefore
we treat the integral in (1.7) as lim,_o(T2f)(z). In the general case f = I%v,
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v € M(Z,), this limit will be understood in a weak sense. If dv(y) = ¢(v)dy,
¢ € C(X,), then it is natural to treat the lim._o(T2 f)()} in a uniform metrics.
In the case ¢ € L,(Z,) we use the a.e. convergence or the one in L,-norm. As it
is usual, the proof of the a.e. convergence is based on an estimate of the maximal
operator ¢(z) — sup,5o (T8 I1%0)(2)|-

To prove such an estimate we obtain the general result for the maximal operator
(K*p)(z) = sup,5 [(Kep)(z)|, where

(1.18) (Kep)(z) = /2 k(zy)e(y)dy.

Denote 0¢(z) = {y € &, : zy > t}, wheret € (—1,1), z € Ty;

. _ 1
P*a) = sup (1—_;)7,.; i oy PO

te(~1,1)

N tG?I—-I{)l) (1 - t)"/2 / (=7 MRl (e)dr.

¢**(z) = le(y)|dy

sup —————
te(—1,1) mes a¢(z) ai(z)
is a Hardy-Littlewood maximal function on ,,. It is easy to see that ¢;¢*(z) <

©**(z) < ea9*(z) for some positive constants ¢, c; which depend only on n.

THEOREM 1.1: Let

(1.19) ke(1 = 7)| < et

A(r/e),
A(€) being a non-increasing integrable function on (0,00). Then
o0
(K*9)e) < dene’(@) A= [ oML,
0

¢n being a constant depending on n.

Proof: We may assume ¢ > 0. Using the argument of Theorem 2 from [17,
p.64] we have

2/e
|(Kep)(@) < 0ns /0 NEN2 — €)™ (M] _ ep)(x)dE < A sup vro(h),

where

On-1

be(W) = 2 [ (L=l =t (M) @)
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Let us estimate the last integral. We have

beo) = 3 [ utr)dntr),

where
u(r) = (1 =)',

V(T) = ~0On_1 = / Q=Y (M) ()dt, |o(r)| < (1 —7)"2p*(2).
Hence

beolh) = gluvlln + (1= [ otr)1 -1y Vrar

1 fl
=—h""?y(1 - h) - n/2h ! /;_h o(r)(1 — )" 2dr < c(n)p*(z). 1

COROLLARY 1.1: Let ¢ € Lp(Es), 1 £ p < oo. If k.(xy) satisfies (1.19), then
there exist constants ¢y, cy depending only on n such that

IK*¢ll, <callell, if 1<p<oo,

and

mes {z € B : (K*)(z) > a} < Zllelly if p=1,a>0.

This assertion follows from the similar one for ¢**(z). The latter may be
verified using the scheme from [17] with insignificant variations when proving a

covering lemma (these variations are caused by the compactness of X,,).

Definition 1.1: The approximate identity {A.}c—+0 is called regular, if there
exists 6§ > 0 such that for all ¢ € (0,4) and for all ¢ € L;(E,) the function
(Acp)(z) is represented by a spherical convolution (1.18) with a kernel k.(zy)
satisfying (1.19).

We have the following examples of regular approximate identities: a family
(1.12) of operators M, with Rey > 1, t =1—¢, § = 2; a family of Poisson
operators p(z) — ¢(z,r), wherer =1—¢, 6§ = 1. A family (1.11) with Rey < 1,

€ =1 —t is an example of a non-regular approximate identity.
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THEOREM 1.2: Let f =I%, 0<a<n, v € M(E,). Then
(1.20) / w(@)dv(z) = lim / w(z)(T2 f)(z)de
Z, e—0Js,

for any w € Loo(X,). In particular, the measure v(?), € B(X,), may be
restored by the formula

(1.21) ¥($) = lim /,, (T*f)(z)dz.

If v is an absolutely continuous measure (with respect to the Lebesgue measure
on X,) with the density ¢ € X,(X,), 1 < p < 00, then

(1.22) p(z) = (T°f)(z) = lim 5(T7 f)(2),
where the limit may be also treated in X,-norm.

Proof: At first we consider the case f = I%p, ¢ € X,(Z,). Denote

(1.23) (Kbep)(z) = /E Ko (ay)o(v)dy,

kb2(7) being a kernel (1.16). Using the Funk-Hecke theorem [4, p.247] we have
(Kb m,u)(z) = k92 Ym u(z), where according to (1.14), (1.11) the multiplier
kf;;’n has the form

o - m'P(EZE)
= “Tlm + 22

oo en\ (n—a)/2-1 n (n—a)/2—
- / Measa(n)(1 - -22) P{rr)3=1(n=)/2-1(1 — en)dy.
) +

By virtue of (1.10) lim._okfg = 1. Thus, the relation

(1.24) lim(K2*p)(z) = o(2)

holds on the set Y(Z,) which is dense in Xp(Z,). In order to extend this relation
to functions ¢ € X,(Z,) it is sufficient to prove the regularity of the approxima-
tive identity {K%°}. Indeed, if (1.19) holds for k%, then we have the following

uniform estimate

(1.25)

leg
K x, < —

~1 ! 1-71 nf2-1 ~ ~ o
“ellx, | A=) @) < Aélellx,, 8= in)
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that leads to the equality
(1.26) B K% = gllx, =0

This equality in conjunction with the convergence K%Yy, , = Yin,, and with the
Corrollary 1.1 provides the convergence (K5%p)(z) — ¢(z) almost everywhere.
The validity of (1.19) for k%%(7) follows from the estimate

1-n/2 £)*/?"1  ifr<e,
ko1 = 7)) < o) (TS T e
€ (r/¢e) ifr>e,

that holds for £ < 1 and may be verified easily.
Now let f = I°v, v € M(Z,). According to Lemma 1.1 for any w € Loo(Z,)
we have

al = bay, v(y) — w v
/E (a) (I f) e = /2 () )ivty) /2 u(i)ds(y)

as ¢ — 0. The passage to the limit is true due to Lebesgue dominated convergence

theorem with regard to relations:

[(Kow)y)l € Adlwlloo,  EmESy(Krw)(y) =w(y). B

2. The inversion of spherical potentials with a logarithmic kernel

Let us consider the following integral operator:

1-n

(21) () = gy o, B g

assuming v to be a fixed positive number. The Riesz potential I*p of the order
a = n may be defined as the operator (2.1). Really, it is not hard to show that

IZv = lim (I"’V - c,,,a'y"“"[: du(z))

a—n

and (I";V)m,,u = ki Vm,u, Where ky, = M_

= 1 >
T(m + n) ifm>1and

PR N PO _ _ ')
b = gy [2logy + ¥ —¥(n/2)], $() = 15
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THEOREM 2.1: Let f = I}v, kg # 0, v € M(Z,), T;* f be a truncated hypersin-
gular integral of the form (1.8). Then

/E ] w(z)dv(z) = a,.lkg /2 ] w(z)dz /.\: ] f(=z)dz + lim /E ] w(@)(T? f)(z)dz

for any w € Loo(Ey). In particular,

mes ()

& /2 flz)dz + i /ﬂ (T2 )(z)de,

(2.2) »(Q) =

mes () being a Lebesque measure of ). If v is an absolutly continuous measure
with the density ¢ € X,(Z,), then

(23) p(z) =

where (T f)(z) = lim*%o(T f)(z) = lim *2)(T*)(z).
Proof: If 0 < a < n, £ > n/2, then (1.14)-(1.16) yield

TEI% = cn.ar®"¥(En)] = / E6*(oy)du(y)
(n—a)/2-1

(24) a2 [ e (1-F) ] dn,

+

where

(n—a)/2-1

Fta(r) = /0 M1 - .

I‘(l‘i‘_")(l +1-)1-n/2(1. -1 ‘*‘577)0/2 -1 1 ;
277/2T(a/2)(en)(nte)/2-1 . 7,

o =2" (a+n)/2 a— nr(n+a) ﬂ_n/21'\(a/2)o.".

We note, that

(25)  lm pe / A,an(n)(l——”)(:_“m =0 (3),

where g, = 4limg—y a/(n — @). Really, decomposing the integral in the left-
hand side into two integrals (from zero to 1/¢ and from 1/e to 2/¢) and using
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(1.10) we can prove that the first term tends to zero and for the second one the

following relation holds:

2/e (n-a)/2-1
&n
Ba /e ’\l,a/Z(n) (1 2 7

2(a—u)/2+2'ua 1 dpq 2/e , n\"—a/2
= ek Ataf2 (;) + n—a) /;k At,as2() (1 - ’2—> dn

- %Agmlg (g), a—n.

If we pass to the limit in (2.4) as a — n, then by virtue of (2.5) we have
nrn itn 2
(2.6) TPy = | ke(ay)dv(y) + u(&)-» wa(5)-

Assume dv(y) = ¢(y)dy, ¢ € Xp(Zn) and represent the kernel E4"(7) in the
form

2.7 ES™(1) = k1 o(1) + k2,e + ks e(T),
where
n ﬂ.—n/Z
F1.e(7) Jér% T
1/e (T -1+ en)n/Z—l
/ Mynfp)(1-F) e,

1 1/8
k2.€ = ;: A '\l n/g(ﬂ)(l - _) dn,

r -nf2 p2/e -1
baolr) = .f,—',i}:—/g Aen/2(1-2)

1-nf/2(. _ n/2-1
_ [(1 +7) (r—1+en) 2,_,,] dn.

(en)=1
Let

(2.8)
1/e n
(KreoXe) = [ alenodty = [ denys)(1-F) " 082 e )e)in



62 B. RUBIN Isr. J. Math.

As in (1.22) im 2%, (K ,.0)(z) = limg)_(fo)(Kl,,go)(x) = ¢(z). By virtue of
(1.10) we have lim,_okz . = 1/0y. The kernel ks .(7) admits the estimate
1 >0
2.9 kso(r)| < Ce*™?n(r), h ={’ ’
@9) st SO, W= e
that yields the inequality

/ k3 .e(zy)e(y)dy

n

<t~ [ hay)p(w)ldy.

The relation (2.6) and the argument above leads to the following equalities
s a.e. nrn M nrrn 1

(210) 3T Ie)e) = Im SR e = o) - - [ oladds,

that give (2.3). Let us consider the general case f = IJv, v € M(Z,). Given an
arbitrary w € Loo(Xn), according to (2.6) we have

i )(TP f)(z)dz = lim w v _ 2Za) wiz)jaz
tim /E (T2 e = lim [; (Erew))dnly) - = L (z)d

= [ st - = [ e / S

n

Remark 2.1: The inequality k§ # 0 holds for any v > 2. If 0 < 4 < 2, then
k' # 0 in the following cases:

1) nis even and log I is irrational;

2) n is odd and log~ is irrational.

In another cases the equality k§ = 0 may be true (e.g, n =1andy =1, or
n =2 and v = 2/\/e). We investigate these critical cases in Section 5.

3. The inversion of Riesz potentials by means of hypersingular opera-
tors containing a Poisson integral

The direct regularization method used in previous sections may also be applied
for Riesz potentials of the orders @ > n. But the consideration of such &'s in the
frame of this method is connected with cumbersome technicalities, so we prefer
to exhibit another approach which is based on the representation of I%yp via the
Poisson integral and covers all positive a.

Denote
pi—(n+a)/2

(Tmp)(r) = —_FW/O P(p)p " — p)*Hdp, 0 <a<n.
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LEMMA 3.1: fO<a<n, g€ Li(Z,), then
(31) (I*p)(a,7) = (T"¢(2,)) ()

In particular,

(3.2) (I0)(z) = %0) [ =011 - pe (e, ).

Proof: Changing the order of integration we obtain

(@ e, WO = o Z5p")0) =1 DL T, e (0,1,
2

that gives (3.1), (3.2). 1

Using (3.1) we may solve the equation I%p = f by the following way. Let us
apply the Poisson operator P, : f(z) — f(z,r) to both sides of Iy = f and

rewrite the result in the form
1 " a— n—a)/2—- n4a)/2—
e [ =0, p)dp = et (),
0

If we invert the fractional integral operator in the left-hand side by means of
Marchaud’s derivative (see [14], [8]) and then set r = 1, we obtain the following

formula

3

o(@) = — /Own-“-l [2@)(—1)1’(1—m)‘:*"’/""f(x,l—jn) dn

Ke(a) =

3.3) (T )

Let us give a strict proof of this formula. Define I*v for all a > 0, v € M(L,)

assurning
(3:4) (Iv)(2) ~ Y ko vm u¥om u(2),
m,p
where
;E—:—_‘:% if “;" ¢Zy, m>0
km = andif (a-n)/2=k€eZy, m>k
Cm if (a-n)/2=keZy, m<k,
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{cm} being an arbitrary sequence of complex numbers different from zero.
The operator (3.4) is bounded from M(Z,) into L;(Z,) (it follows, e.g., from
Lemma 4.1 below). Consider the inversion problem for the operator (3.4). We

denote
(3.5)
o 1 ! —a-1 : ¢ ] . \(nta)/2-1 .
(@20 = s [ 17 | ()i - in = f(a1 = ) dn,
3 j=0
L>a

LEMMA 3.2: Let a > 0,1 < p < co. Then
T(m + 2e)
F(m + n-z-a)Y'",l‘(z)'

Proof: Let us continue the following obvious equality

1 a4 (n=A)/24m— T(m + 23%)
L 1— p)-N/2emorg,  AMP T <,
w7 1= Dom + 2)

analytically to the strip —¢ < ReA < 0, £ € N. Representing the analytical
continuation of the left-hand side in a difference integral form (see [13]) we have

N1 sey(n=A)/24m— I(m + 252)
== ,\)/ (J—o =1y - jn) 2+ l)dﬂ I(m + 232y

(3.6) m NI, Yo )(2) =

Hence
3.7)
—a-1 (n+a)/24+m— — P(m+ m)
ol (,=., v )""‘ Tm+ 52%)

for a € (0,£). It is easy to see that

(3.8) (Y4 )(2) = 357 (€)Y m, (),
where
ab%(e) = _1__ ! —-a-— - ¢ —1V (1 — in)(nta)/24m-1
m (8)- K[(d)/, n ! (FZO (J)( 1),(1 .7'7) d"'

The equality (3.6) follows from (3.7) and (3.8). ]
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THEOREM 3.1: Let f = I*v be the potential (3.4), a > 0, v € M(X,). Then
the limit

(@ )&y w(z) (78 H(z)dz
(1,0 ¥ tim [ w(a)r7 o)

exists for any w € Loo(X4s), and

(f@,w) if (a-n)/2€Zy,
(39 (nw)= (F®,w) + i_oz _f%:m_,, if (a—n)j2=FkeZs.
In particular, o
i [(@f@e if (@-m/2ey,
(3.10) v(Q) = lim /ﬂ (T2 f)(z)dz + ,,,2::02,; % /Q Yo u()dz

if (a—n)/2=keZ,.

If v is an absolutely continuous measure with the density ¢ € X,(X,), then
1) there exists the limit (T°f)(z) = lim2%,(7,” f)(z), treated also in X,-
norm;
2) the following inversion formula holds:

(3.11)
(T*f)(=) if (a—n)/2¢2Z,,

_ k
=N T+ Y Y ) i @-mp=kez.

c
m=0 xu
Proof: Let us fix s(€ Z4) > (o — n)/2 — 1, and assume

(4p)(@) =9(2) = D Y pmuYmu(z), € Ly(Zn).

m=0 p

Given v € M(Z,), we denote

(AND =) = 3 P i [ Yonlahls, Q€ B(En)

m=0 u
It is not hard to show that

(3.12) ((AsYm, u)(z,0)| < p° F LY, u(z)] YYin, u(z) € P(En)
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and
(3.13) I3[ (AsYim, u)(z, OI(r) = r"F OB (A IYim, (2, 7).

Let us extent (3.13) to all measures v € M(Z,,). Since

[ w@)dsv)(z, s
Zn

/E (Asw)(z, p)dv(z)
< Asw)P)liclviime < p° T Hivllmliwlic

for any w € C(Z,), then

(3.14) I(As2) s P)laceny < #° T Hivllmae.),

and therefore I[p(*~/2=Y(Asv)(z, p)|(r) € L1(Zn).
Now we can assert the equality

(315) L2 Asv)(z, p)l(r) = rH AN AT (a,v)

to be valid since the Fourier-Laplace coefficients of its both sides coincide by
virtue of (3.13). Using for f = I®v the known scheme of inverting of fractional
integrals (see [14], (13]) we have

(316) D2 [ (A )z, p)](r)
= / Aea(m)(1 — ) " (Asv)(z, r ~ en)dn,

At,o being a kernel of the form (1.9).

Denote
(Ae)(z) = /0 A1 = en)S =210 1 enyy.

If v is an absolutely continuous measure with a density ¢, we shall write A,
instead of A.v. Let us rewrite (3.16) in the form (T2 A4, f)(z,r) = (A, A,v)(z, 1)
and go to the limit as r — 1. We obtain

(3'17) ('];"A,f)(z) = (AeAsV)(z)'

Suppose v to be an absolutely continuous measure with a density ¢ € X,(Z,).
If we prove that

lim3%6(T A f)(2) = (Asp)(a)
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then, using the equality

(3.18) (T2 A f)2) = (T2 F)=) = 3. Y fma( T Yom,)()

m=0 pu

and Lemma 3.2, we obtain the a.e. convergence of the integral (7 f)(z) and the

formula
a I'(m + &te
(3.19) Ao = Gm2S,Tof — Z " fr r(( e "_a)y -
m=0 p
that gives (3.11). Let
1 2¢ /e
(AeA,p)(2) = ( / | Aealn)1 - en)"~ PN (A,0)(2,1 — en)dn)

(320) = A¢,1¢ + A¢’2‘,0.

(if (a —n)/2=k € Z, we assume s = k). By virtue of (1.10) and according to

relations
,Sup [(Asp)(z,7)| £ C(4s,0)*(z),  lim 75 (4sp)(z,1) = (Asp)(z)

the first integral tends to (As¢)(z). The second one tends to zero since

l/e
|Ae2pl < C » N1 = en) "2 (Asp)(z, 1 — en)ldy
&

1/2
=gl /; P21 Asp)(z, p)I(1 — p)* ¢ dp.

Using (3.20) and the relations

s (As),llx, < lsellx,,  lim 23 (4s)(z, ) = (Asw)(e),

it is easy to show that lime_.o || 78 Asf — As¢l|x, = 0.
The last equality leads to the formula (3.9), in which the hypersingular integral
(T*f)(x) is treated as a limit in X,-norm. If f = I*v, v € M(X,), then by virtue
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of (3.5), (3.17) for any w € Loo(Z,) we have

« I(m + 232)
hm/ w(z)(T f)(z)dx - ,;,; I\(m + n—a)fmm“’mm

= tim [ (oI Auf) e = Jim [ o) AeAur)e)is
= tim [ (M)A = [ w)dAn)0)

8
=(v,w) - E Z Vm,uWm,p,

m=0 p

that gives (3.7), (3.8). |

4. The description of spaces Ly (Z,), C%(Z,), M*(Z,)

It is convenient to use the unique notation X(X,) for spaces Ly(Z,) (1 <
p < ), C(Z,), M(Z,) and the notation X*(Z,) for corresponding spaces
L3(Zn), C*(Zs), M*(E,). We denote by 5((2,,) a subspace of the space X(Z,)
that consists of functions (or measures) with a zero mean value. Let us redenote
the operator (3.4) by I and consider the following spaces generated by fractional
integrals (3.4), (8)-(11):

(4'1) I}’(X)={f:f=ff(p,¢€X(2n)},j=0,1,2,

(4.2) IX)={f: f=Ifp, 0 € X(Zu)}, j = 3,4,

with norms defined as the corresponding norms of ¢. The spaces (4.2) do not

contain constants, therefore we also introduce the spaces
(43)  CHINX)={f: f=c+I%p, ccC, peX(S)}, j=34
with the norms

o = Ia d—ef
gty = 1o Fellgy oy 2 el el g

We need the following auxiliary assertion.
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LEMMA 4.1: If the multiplier {km }3_, of the operator K satisfies the asymptotic

relation
_ % -A-N
(4.4) k=Y —7 HO(m ), m— oo,

where A > 0, A+ N > n, then K is a bounded operator in X(Z,).
Proof: We rewrite (4.4) in the form

N-1 é

i i —-A-N
(m+1)>‘+1 +km, km=0(m ), m—o0.

j=0

According to Lemma 1 from [15] the operator K generated by {%} is a spher-
ical convolution with a continuous function defined on [—1,1]. The operators
(9), corresponding to multipliers {(m + 1)7*7}, are bounded in spaces under

consideration. This gives the required result. i

LEMMA 4.2: The spaces X%(Z,), I2(X) (G = 0,1,2), C+ I&(X) (j = 3,4)

coinside up to the equivalence of the norms.

Proof: The relation X%(X,) = I$(X) follows from the definition of X*(Z,).
The relations I$(X) = I§(X) = I (X) follow by virtue of Lemma 4.1 from the
equality

1 P(m + 1) k* ka ok
(m+1)@ T(m+lta)™ '™ Fm s

since the multipliers

k= r(m + 1 + a) % 1 _L

T Dm+1D)(m+1D)* T (m+ 1)k’ kxS ki
satisfy (4.4). The relations I§(X) = C+I} ()} ), 7 = 3,4, may be proved similarly.
|

Lemma 4.2 enables us to use the operators If*(j = 0,1,2,3,4) for the descrip-
tion of the space X*(X,). We shall not use the integral Iy for this purpose in
the sequel because it is quite cumbersome.

The following theorem contains a description of the space X*(X,) for 0 < a <
n in terms of operator T of the form (1.8).
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THEOREM 4.1: Let 0 < a <n, f € Li(Z,).
I. If 1 € p < oo the following assertions are equivalent:
3) f € X3(Zw);
b) the sequence T f converges in Xp-norm as € — 0.
Il 1< p<oo, then f € Ly(Zy,) iff

(4.5) sup_[|T¢fllp < oo.
0<e<2

III. The following assertions are equivalent:
@) f € M*(Zn);
b') the sequence fgn(Te"f)(:v)w(:c)da: converges as € — 0 for any w €
C(Zn);
<)

(4.6) sup [T fllx < oo
0<e<2

Proof: Let f € XJ(Ea). Then f = I%p, ¢ € X,(Z,) (in the case a = n
we mean I"p to be a potential Iy of the form (2.1)), and T7 f converges in
X,-norm by virtue of theorems 1.2, 2.1. Let us show that b) implies a). We note

4.7) I°Tef = TeIf

(this equality may be easily verified on spherical harmonies, and then may be
extended to f € X,(X,) by virtue of a boundedness of the operators I* and T
in Xp(2,)). If 0 < o < n, then, assuming ¢ = lim(x”)T:”f, with regard to (4.7)

e—0
and to Theorem 1.2 we have

1% = kim ¥R 1°T2 f = lim PR 11 f = f,

e—0 e—0

ie., f € X;(Zy). In the case & = n we assume
1 im XD n d
p= Tk{,'#(f) +lim 2570 f,  w(f) = i f(y)dy,
and by virtue of (2.3) we have

1
I"p = ff%z"m +lim &) e g = wlf) | f- m#(I"f) =,

e—0 Tn
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ie, f € X}(Za). Toprove Il let f € Lg(Ea), 1 < p < oo, ie, f = [%p,
¢ € Ly(Z,). 0 < a < n, the inequality (4.5) follows from (1.25). If a = n,
then (4.5) is a consequence of both (2.6) and (2.7), since the convolution (2.8)
satisfies (1.25) and |k2,c| < c1, |k3,(7)| < c2h(r) (see(2.9)), with the constants
¢1,¢2 not depending on & € (0,1). Vice versa, since the unit ball in a space dual
to a Banach space is compact in a weak*® topology then by virtue of (4.5) there
exists a sequence ¢; — 0 and a function ¢ € L,(Z,) such that

- L
Jim (T8 f,0) = (o) Vo € Lp(Sa), S+ =1

Hence
(I%p,w) = (p,I°w) = lim (T5, f, I°w) =

= limo(f, Tg I%w) = (f,w) Yw € Lp(Z,),
£p—

ie, f=1I% € Ly(Zn).

Let us prove III. If f € M*(Z,), then by virtue of Lemma 4.2 f =
I*v, v € M(Z,), and b') follows from theorems 1.2, 2.1. Conversly, since the
space M(X,) is weakly* complete, then there exists a measure v € M(X,) such
that lim._.o(T? f,w) = (v,w) Yw € C(Z,). Hence
(4.8)

(I0,w) = (v, 1) = lim(T¢ £, %) = lim(f, T %) = (f,) Voo € C(E),

and therefore f = I°v € M®(Z,). The proof of the equivalence of a’) and ¢') is
similar to the proof of the assertion II with replacing € by ex — 0 in (4.8). |

Let us exhibit a number of another description of spaces Ly (Z,), C*(Zn),
Me(Z,) for all « > 0 in terms of hypersingular constructions containing a Poisson
integral. Given ¢ € (0,1), £(€ N) > a, we denote

(T5% F)(x) = (1.7 f)(=)
(see (3.5)),

o 1 * —a=1 : e y RY: .
@9) (Fp@) = —s [ a7 |3 (§) 170 —ng fa1 = )| dn,

we(a) prd

o = [ ) 7 S o] £

=0
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@ EnE = [ (loed) [5‘; (f)<-1)ff(z,pf)] 2.

=0

The truncated hypersingular integrals (4.9)-(4.11) arise as 7, f when inverting
the corresponding fractional integrals (8)-(10) in a formal way. Really, the Pois-
son integrals (Ifp)(z,r) (j = 1,2,3) and ¢(z,r) are tied by means of the
following fractional integrals:

(412) (T2 p)(a,r) = m / (= )" (2, p)dp,
(4.13) (I50)e) = fros 0'(10g£)°“‘¢(z,p)dp,

a Y M e.T) ! dp
(4.14) 150X = gy [ (1065) " e@n?.

The inversion of these integrals according to A. Marchaud’s scheme leads
to (4.9)-(4.11).

THEOREM 4.2: Let a >0, f € L1(%,); 7 =0,1,2,3.
I. If 1 < p < oo the following statements are equivalent:
2) f € X5(Sn);
b) the sequence TS, f converges as ¢ — 0 in X,-norm.
II. If1 < p < oo, then f € Ly(E,) iff

(4.15) sup ||7;?‘€f||p < oo.
0<e<1

ITII. The following statements are equivalent:
a') f € M*(Zn);
b') the sequence fE.. (TS f)(z)w(z)dz converges as € — 0 for any w €
C(Zn);
c')

(4.16) sup [T flli < oo.
0<e<1

Proof:
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L Let f € X2(Za). Then f = I®pj, ¢; € Xp(Ta) Vj = 0,1,2 and f =

I3 p3 + co, where p3 € Xp(Z,), co € C. If j = 0, the sequence 7, f converges
as ¢ — 0 in Xp-norm due to Theorem 3.1. If j = 1,2, then using the argument

as in the proof of Theorem 3.1 we obtain the representations

@) (TN = " Man)pr(z, 1 — en)dn = (ADgy (),

(418)  (T.f)=) = /0 B Ma(m)(1 = &)"p2(z, (1 - ))dn = (AP e2)(2),

If j = 3, then 7;% cp = 0 and we have
(419)  (T2)() = / Aeames(z, (1 - e))dn = (A®ps)(=).

It follows from (4.17)-(4.19) that Lm{X?) T5%f = ¢j, 3 =1,2,3. Con-

e—0 “),e
(Xp) 7o

versly, let b) hold and ¢; = lim,"} 7% f. Then for j = 1,2 and in the case

Jj =0, 5% ¢ Z, we obtain
(I505,0) = (93, Ifw) = Iim(T £, I9w) = i, T LFw) = (f,)

for all w € S(Z,).

Hence f = I}p; and therefore f € X(Z,). Let j =0, 245% = s € Z;.

Then, using the notation and results from a previous section, for any w € S(Z,,)

we have

(I*Aspo,w) = (I%Ayp0, Asw) = (Aspo, I*Asw)

= (SOo,IaA,lIJ) = lilf%(%aef, IGAQW)

e— !

= lirra(f, TP I Asw) = (f, Asw) = (Au f,w).

Hence ,
F=T40+ ) ) fmuYmu € X3(Tn).
m=0 gz

If j = 3, then

=1 z)dz 0= f_
o= g |, Sz, P =51
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We note (7%, f)s = 0, and therefore (p3), = 0. But then (I§'¢3), = 0, and
for any w € S(Z,) we have

(I3 p3,w) = (I§'p3,w°) + (I3 p3, we)
= (‘P: I;wa) = 31_1?(1)(7—3%.}" Ing)
= lim(f, T2 I§0®) = (£,0°) = (f - fo,0),

that gives f = f, + I§'p3. Acoording to Lemma 4.2 this equality means that
f € X(Sw).

IL Let f € Ly(Ea), 1 < p < oo. Then the estimate (4.15) for j = 1,2,3
follows from (4.17)-(4.19) due to properties of a Poisson integral with regard to
(1.10). If j = 0, then according to (3.18), (3.17), (3.8) we obtain

(To2eH)2) = (AeAap)(@) + Y D fm 05 (€)Yomu(2),

and the required estimate may be easily seen from the inequlity ||(A4,0)(:, p)ll, <
P Hells- 1 < p < oo this inequality is a consequence of (3.12). In the case
p = oo it follows from the estimate

/ B(@)(4s9)(z, p)dz
Xn

[ At p)e(a)ie
En

< lellooll(As®)C Pl < 2" liplloollblls V9 € Li(Tn).

The inverse assertion may be proved like the assertion “b)=a)” from the
item I with replacing ¢ by i (see the similar argument in the proof of the item
IT of Theorem 4.1).

III. Let f € M*(X,). Then for j = 0 the assertion b') follows from Lemma 4.2
and from Theorem 3.1. For j = 1,2, 3 we replace the functions ¢; in (4.17)-(4.19)
by measures v; € M;(Z,). Thus, (75, f,w) = (Agj)uj,w) = (uj,Agj)w) - (vj,w)
as € — 0 for any w € C(X,;). One can prove the assertion “b') = a')” by the
same way as the asseriton “b) =>a)”. The functions ¢; should be replaced by
measures v; which are the weak® limits of sequences 77 f. The equivalence of

1) and 3') may be proved similarly to the asserion II. |
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Remark 4.1: While proving Theorem 4.2 we had obtained the inversion formulas
for integrals If', j = 1,2,3. Namely, if f = Ifp, a > 0,1 < p < oo, p € Xp(Zs)
(if j = 3 we assume p € Xp(Zn)), then p = T2 f = limg)_(fo) T2 f. 1t is not hard
to prove the a.e. convergence of 7, f.

5. Integral equation with a power-logarithmic kernel

According to (3.4) there is an infinite number of ways to define a Riesz potential
I*p for a = n+2k, k € Z,. Presently we restrict ourselves by the case when the
Riesz potential of the order & = n + 2k is represented by a spherical convolution

of the form

(5.1) (I3 %0)0) = 7o | o0l = 31 log

n

where
(—1)"21_"-2"

Thn = TRT2 kT (k + n/2)’

The operator (5.1) is a generalization of the potential (2.1). It is easy to prove
that

62 = tim, [0 — e [ ol - vy
and
(5.3) (I3%)(2) ~ D Koy b (m)pm,u¥om, u(2),
where
(5.4)

T(m—-k)/T(m+n+k) ifm >k,
Ky x(m) = (-1 [p(m+n+k)— 9k + 2)+

(k—m}(m+n+k-1)
+p(k —=m+1) —Pp(k +1) + 2log %] ifm < k.

As we saw in section 3, the invertibility of I7+2* depends on the equality
K, x(m) =0 for m <k, i.e, it depends on 4.
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LEMMA 5.1: For any v > 0 the equation K., x(m) = 0 has not more than one
solution belonging to the set {0,1,...,k}. For a fixed m € {0,1,...,k} there
exists one and only one v > 0 such that K, x(m) = 0.

Proof: Denote u(z) = Y(z+n+k) = p(k—2+1). According to formula 8.361(7)
from [5] we have

19 _ prtntk—1 _ ph—z
u.(z)=/ 2 g —2c,
A -1

C being an Euler constant. Since

du(z) 5 1 tk—-z(t2z+n—1 _ 1)
"9 /0 ———log(1/t)dt <0

for 0 < z < k then u(z) is a strictly decreasing function, and therefore the
equality u(z) = ¥(k+ §) +¥(k+1) = 2log% with fixed k € Z4 and v > 0
is possible not more than for one z € [0,k]. This gives the first assertion. The

second one is obvious. [ |

Our results will be more attractive if we go over from (5.1) to the similar
operator on a sphere £,(a) = {z € R™*! : |z] = a}. Let

(5.5) (Makp)(T) = Vin / e(y)lz — y|** log

dy.
Ea(a) lz —yl

An operator (5.5) may be called a Riesz potential of the order « = n + 2k on a
sphere £, (a). For a function f(z) given on E,(a) we denote f,(£) = f(af), € €
Zn. Then (Mg kp)a(§) = az"‘*'"(I;'/*"lZ"wa)(ﬁ). As we see below, the solvabiblity
of the equation M, xp = f depends on the radius a.
Definition 5.1: The radius a in (5.5) will be called regular if K, /, x(m) # 0 for
all m € {0,1,...,k}. If Ky/4k(m) = 0 for some m € {0,1,...,k} (by virtue of
Lemma 5.1 such m is unique), then the radius a will be called a singular one of
the type m.

For the convenience of the reader we remind some facts from the theory of
Noether operators (see, e.g., [12]). Let X,Y be Banach spaces. A linear bounded
operator A: X — Y is called a Noether operator if its range A(X) is closed in

Y and the numbers

a{A) = dimker A = dim{p € X : Ap =0},
B(A) = dim coker A = dim Y/A(X)
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are finite. The ordered pair (a(A), B(A)) is called the d-characteristic of A.
An operator R; (R,) is said to be a left (right) regularizer of A if ReA =
Ix + Kx (AR, = Iy + Ky), where Ix (Iy) is an identity operator in X (in
Y) and K. (K,) is a compact operator in X (in Y). If R, = R, = R, then the
operator R is called a two-sided regularizer. A linear bounded operator A is a
Noether operator iff it posseses both a left and a right bounded regularizers.

Assume X,(Sa(a) = {L,(En(a)) if1 <p<oo,

C(Xn(a)) ifp=oo.

X3 (Zn(a)) denotes a space of functions f(z), ¢ € In(a), for which fa(£) €

X5 (Za);

Il X2 (2a(a)) L fall X¥(Sa)

THEOREM 5.1: Let 1 < p < o0.
1. The operator M, i acts as a bounded operator from X,(Za(a)) into

X, (Zu(a)).

I1. If the radius a is regular, then the operator
Mok : Xp(Za(a)) = X; (S0 (a))

is invertable, and a solution of the equation

(5.6) Mopp=f, feX;*(Zn(a)

has the following form

k
61 oo =T+ LN [

j=0 JEn

(n/2-1,n/2-1) (LY
WP, (%) av,

where

(55) (T*)(e) =g | (o™
Loe ; . \n T ) dn
LZ" (j)(—l) (1 —Jn)++"fa(z,1 “‘]7))] p

o _ GBI () (r/2)
77 0ulT(G +n/2)K1 /0 k()
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III. For every a > 0 the operator T** annihilates on functions Y;,(z/a),
7 €{0,1,...,k}, p € {1,...,dn(7)}, and acts as a bounded operator from
X7 +2k(B,(a)) into Xp(En(a)).

IV. If a is a singular radius of the type m (there exit exactly k + 1 such radii!),
then the operator: X,(Zn(a)) — X3+?¥(Ep(a)) is a Noether operator with
the d-characteristic (dn(m),dn(m)). In this case the following statements

hold:
a) The hypersingular operator T** (5.8) is a two-sided regularizer for
M, x.
b) If the equation (5.6) is solvable, then its “general” solution has the
form

(5.9) ¢(z) = (T“"‘f)(:c)

n Z / f(y )P(n/z -1, nf2~ 1)( )dy

j=0
(7 #m)

dn(m)

+ Z cuYm,u(z/a),

p=0
¢, being arbitrary constants.
c) The equation (5.6) is solvable in Xp(X,(a)) iff

{(5.10) (fa)mpu =0 Vp=12,...,ds(m).

Proof: The assertion I follows from Lemma 4.2. The assertion II follows from
Lemma 4.2 and from Theorem 3.1. The formula (5.7) may be deduced from the
addition theorem for spherical harmonics ([4]). The first assertion from III is
obvious if we use the equality (T**f),(¢) = a~2¥""(T"*+2k£,)(¢) and Lemma
3.2. Let us prove that the operator 7%* is bounded from X;,'“"(E,.(a)) into
X,(Za(a)). Given f € XP+?¥(S,(a)) we have f(£) = fu(F/b) € X H2K(S,(b))
for any b > 0. If we choose b regular, then according to II there is a function

B() € Xp(En(b)) such that () = (M, x$)(Z). Assuming
(y) = (b/a)"***G(by/a) € Xp(Tn(a)),

we obtain

f(=z) = (Mb,ksB)(aéz) = Y, /E |22 - g% 10g W/a 1_ 7 @(§)dj

a(d) @
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= (Makp)(=) + Ten(b/a)?**" log(a/b) /E e

Hence
k da(p)
(511) f(e) = (Map)2) + 3 3 cilwa)inYin(z/a),

where ¢; may be readily calculated by the Funk-Hecke theorem. We note that
by virtue of (3.19)

k da(4)

(5.12) (T** Mapp)(z) = p(2) =Y D (¢a)inYiu(z/a) =

j=0 p=0

(5.13)

k . e
— _ , (n/2-1,n/2-1) (TY _ T(n/2)dn(5);!
- (p(m) j;oa.] »/E,.(u) qo(y)P] ((12 )dya a] - a,.a"l"(j + n/2)

Let us apply the operator T7%* to (5.11). Since 7** annihilates on function
Yju(z/a), j =0,1,...,k, by virtue of (5.13) we obtain

k
(T** f)(z) = o(z) - Z a,-[z ( )So(y)P}ﬂ/Z—l,n/Z—l)(iZ_g)dy.
Hence
"Ta,kfllxp(zn(a)) < c”‘P”Xp(En(a)) < C"‘ﬁ”Xp(En(b)) < C”f”x;+2k(2"(b))

= Cllfllx;+2k(2n(a))

(¢ denotes different constants).

Let us prove IV. The statement a) follows from (5.12) since the finite-
dimensional operator in the right-hand side is compact. Thus, M, i is a Noether
operator. Since Kj/q1(m) = 0 and Ky/q,k(m1) # 0 for any m; # m then
dimker M, x = dn(m) and ker M, ; consists of linear combinations of functions
Ym u(z/a), p =1,2,...,da(m). With regard to (5.12) this gives b). The neces-
sity of c) is obvious because Ky /q,k(m) = 0. To prove the sufficiency we rewrite
(5.11) in the form

dn(m)

(5.14) fal®) = (Mak9)a(€) + om > (Pa)mu¥mu(),

u=1
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where
EobG)
(5.15) 9a(€) = pa(&) + ]go ‘; m(‘?a)j.uyi,#(f) € X,,(E,,).

(G #m)

Calculating the Fourier-Laplace coeflicients of both sides of (5.14), by virtue of
(5.10) we obtain (¢a)m,, = 0. Hence f = M, ig, i.e.the equation (5.6) is solvable
in Xp(Zn(a)).

To end the proof we note that

dim coker M,k = dim X;+*(Z,(a))/Ma,1(Xp(En(a))) = dn(m).
This equality follows from (5.14). ]
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